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DEVELOFAENT OF PLuCEDURES ¥OR RAPID COMFUTATIOR

VA
e e .«wug:

© OF DYNAMIC STRUCTURAL RESPONSE

pranns |

[“ INTRODUCTION

i yhiectives of Program

This grog=am 13 concerned prisarily with the bdehavicr of atruce

; tures, structural elenments, and ¢wmplieatead aisemblages of elements sub-

weted t0 the dynamis Zorces aciuing froe air dlast or ground shock. This

tetavior is measured dy deflectio) or stress, permnnent deformation, damage,

0

or collapse. The general objectiven are:

et @ ad

¥ ean

1. Develoment of chnrts or v¢ rapld “rule-of-thumb” methola

! for the prediction of critical lavels of dinat {ntensity to proluce severe
4a2a5e or ¢ollapue of apecifie atructural tyges,
{ 2. Construction of charta of other jgocidures for the rapid deterw
alnation of the wagnitule uf responsn of apecific structural ty,es to varis
)3 levels of {ntenadty of Llaat or shoek,
3o Critieal exanteatim of Lae aceupscy of predictioas of critical
Yovmls of force, or of Bmaniitule of *sapance, in terms of the uncertainties

11 valies of blesh paradters, attus tural characleristics, an{ naterial

farneters,
o "\ G
L, Survey uf the ;- eient utate ..f hpovielge relative to thosa " "'.»" \‘*.H. N
‘..»‘\n“ .r " *c‘
1ie=s in Jbjective ) aich cuuia the greatest uncertainly ia the predictions, »\. " e X -

and preparation of plans £or furiber atuly of these Ltcns.

S. Developaent 0f wethola +f endiulnting su!table oy the accurate

32lution of prableas of Lrnaale responte .n c.aplicated strustures using

hizh speed astoaatie 185854t computers, preparation of eoder for the detere

inatian of 4ynanic reepunue of importanl clsssea of strustires, and vhere

o

rr L LS
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S hecesnary, caleulution of responses for a raige of values of structural snd
; v
.
H bLlast parmmcters,
! 8. Coordination of reaswrch efforts anl results with ke activities

AT cradr rapA ——

of other research groups wrkiug fn the £icll ol weapons effects.

Seore
“he Qetermination ¢f the ovar-pressure level required to give a

apacific anount of damage t3 & particular siructure is complicalel, due mot
only to the fnadequate knovlelie of loaling nnt resistance but also ihe lack

of sufricient time for a thorough, or complete, analysis. The laaldizng lepends

not only on the overapresaure bud also upon the individual elerents of the
niructure vhich may or may not transmit lial R0 t};e_ main frame depealiag on

thelr indivitual prop:rtiea, Tlus, the actual loading curve {s likely %o

vary erratically with tine,

The reoistance function {3 also sublect L0 numerous uncertalnties.

The propertien of the materiala of vhich the structure {s made wvary considere
ably (fate the type of fraefng, method of counnection, rate of losiirgs, ets,,

each affecty Lhe ovireall vesistance of the strnicture,

Mene 1nhorent Uncertainties precluie tha possidLlity of an "exaze®

mmlpl 1; thun, certatn ataplifying asmaption: are pecedssary and fastifte

ables  In peneral, the tiue Yoading curve has been replaced with a trieami.

1a doil pulte with or vithet concentrate! imialses, Thr true restis2anse

curve has Yean approxtaated by a biliuear function having an inttial) elastic

1ine £51lowed by a gaconl straight line for Risplacenents greates ihan the

yield diaplacesents Tue secdonl line may bave any slope depernding upo the
resitante churacteriotics of the strusture. Using these slxpdifrizg
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g sssuaptions, sewral rapid methods Mave been developel vhich yleld surprise
lngly accurate mvwwlty considering thw untertainties involved, Extensive
f -
! stulies have been curriel out to enlluate the errors which result from each
of tl=se siaplifying assunptions and to 3dlfy these procedures so that they
14 N .
vill yield the ssaximun feasidle accurscy vithout unduly complicating the
! analysis.
Ia order to develop and verify the simplified methods of analysls,
l 1% has been necessary 10 solve By the most accurave me~hods avallable a
) wltiplicity of prodlems, thus forming s dasis for the evsluaticn of the
various sizmplified procedwres.
i The previous studies of this prolect have been coacerned primarily
vith the campilation of Aata using accurate asalysis procedures on the
TLLIAC, the Unlversity of Illinols sutomatic digital computer. ‘These data
bave deen preseated in ruserous charts of verious forms iz previous reports
of this project, Scme of these data have Been replotted in othe: forms and
: s caszarison stuly is belng conlucted L5 deternine the optimun form, or
forms, for the neesentatioa of these data.
Further stulies of the effecta of rise tine of the \rinagular forze
sulse have been made. Theae stulles Bave & tuo-fold oblective in that the
hest possidle Aala poesentation forw i bedng sought and aethods of replace
W ., "'."‘ "
a8 the deleped rise forcee julse vith an {nitinl peak julre which causes ;,;;‘ :;\,,*,-;Q. ;‘f.‘;‘,'_
. ' PO R O )
% SRS .“o.
the equivalent xacunt of dwzage are slso telng studied. Trana s,
The &ynsaic responies of multietory strictures hdave been ustulled .
and preli=iricy Sesults are gives {a this report. These Laia are presented
1n charts Vieresn are shova e relceiica:dips vhich axist .wong the nuserous
, armaeters {nvolved,
i {
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A detailed study of the natural frequencies of multl-story, mlti.
bay frames was conducted using the ILLIAC to obtain nunerical solutinns,
Froa thene data an empirical formula for the calculation of astural fre-

quencies has been developed. This study s descrived in the Appenaix to

this report. Using either the charts or formuli{ given there, the natural
frequency of any of a multitude of multi-atory astructures aay ve easily
obtained. ] .
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SIMPLE STRUCTURAL SYSTEM3 N

——

L

81931«-Dégree-of-h'eedm Systen

If & structure is sudbjected to an impact or & force yulse vhich
1s a function of time, it will resrond in various nodes or configurations.

ovey
PO

‘l

: These modes may vary not unly for differcnt structures but also for d:rfer-v
ent types of force ypulses acting on the sasme structure. In the simplast

cass the structure responds in one mode or predominatel; in one uode so

that the conflguration at any time {s defined by the displacement of one

point on the structure. This simple structure lends itself to coaputation

of response due to dynamic loads quite readily and, thus, bas beea used for

Although this

analysis is exact only for a model having a rigid zass supported dy a wveighte

the effects-of-parameter-variation studies of this project,

less spring, it has proven to be quite applicable in the case of morve com-

plicsted structures. This is due primarily to the fact that all structures

tend to respond in one mode or configuration.. In general the accuracy
depends unon ths care teken in choosing the parareters for the replacement
systen. Tals model ts shova in Pig. L. .

Tr making such a replacement, the deflection of the mass {s ususlly

propertional to the dioplacement of scse poind on the strucvure, for exasple
the lon of aua of the columns of a one-story tullding, The mass, or an equie

vilent :as3, is assumed to be coucentrated at this point. The dynaatlc forces

shich act on tals particuler polnt' are related to the net force on the actual
otructure. The period of the single-degree-of-freeloa xodcl s related to
the first slope of the replaceacnt resistance fuaction and thus may or =ay
20t be equal to the pericd of tue actual structure. Alsost asy utructure

may be replacel by this untel; hovever, the ascuracy of any analysis depends
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on the complexity of the actual structure and the care used in choosing fho

AT

corresponding motel po. aseters, '

» 2t te O

/

AR kS ]

When the actual structure is of cne story' and has an essertially

U’}
B
>

rigid roof mass and light colirsns, then this method produces very relichle
results,

. The studles conducted aa this projlect are prinarily concerned with
the dyncnile characteristics of .the model which, as stated above, are, to a

large degree, directly related to the general 'behfwlor 0o? actual agtyuctures.

Paremetoars

The paraseters consilered have Seen varied in such a manner that,

vithin practical linits, the response of any structure to any foice pulse

could be prelicted. Exact wnaly:es of particular structures wvere not con-
sidered although programs vere developad for uss on the ILLIAC by vhich the
reaponse of & atructure having any resistance function subjectud to any loale

ang pulse can be conputed. Rowvever these sane prograns vere used in the
analyies uf the {dealized s3tess fron vhich the data presented in the charts
of this project were obtained. The general type of reatstance used in the

re:pouse. stulien 13 shown fn Flg. 2.

The resistance funcition used vas coanosel of a linear partion for
displaczrands less than the ylell Alsplucexent wnd o se:end llnear portion
Dor dloplateneats greater than the yield lliplacenent us shown in Fig. 2a.

The resistonce function vhich decsys deyord yleld (3 scuetimes called an

unstatle resistance functisa since tha structire vl collapse for any losd
“alive a certeln eritieal load,
17, after ylelding, the loal 13 gralually resovel, the unlaaling

resistancs curve 18 adsundt to be parallel to the irftial e¢lastic portion.
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:‘:: i Placement of four times the yleld displacenent, and the loal is then
. § g
- ; { dzcreased uatil the deflection s redized %5 the yleld displacement dbefore
-3 .
s deing increased again, tte resistance of the model world be defined as
. N . .
ﬂ" A . shown by lines one through six of Fig. 2b. The resistance ircreases line
(Y : .
ﬁ.: ‘ early until yielding (1); then contimuas %0 increase ut a slower rate due :
n 23 wrk handening (2) until the load is reluced. As the ical is decreasel, A R R
; [ the struriave unloads elastically (3) wunil it yislds in the opposite dir-
‘ ection, “Jegative” yielding, as defined by (4), contimues un%il the reduc-
: tix in load 1s stopped. If the load is then Increased gradaally, the
> ; resistunce function increases lirearly pavalle)l ¢o the initial elastic pore
2 ) tloa (5) until 1% intersects the positive wrk hardeaing curve, along vhich
g " =
? Lo 1% contimmes (6) vith {ncreasing loal.
ot . .
! o et
. _ The parameters used in all of tae stuiles have teen reduced to R RUARANAS AN
2 . R TSY U
. Atnensionless form 3o that the eprlicatica to asy specific pretles aay be
. ens{ly accrsplisked. The nuwnclature fs 1istel and dafin™d ca page 1 of
" t.
i3 repost,
= T1ass Paraseters
™ . The overpressure~time funstion is generally lefined as an exponen=
- .
"\ tial curve vhich decays fron an inttisl peak value, The force wich sych a
e
;-: lse coadices on an astual structure =ay vary errutisally with tize de-
o'. *, .
< meling on the shape aal strength charasteristics of the cxypozants of the Sest Tl et
XN : stracture, Towvever, 2 trianmlar foree julse vas selacted o the studies
o0
, , asle on thig prolect since {t approxinates faite well the losdtiagz for a
.
W ]
> N Seat aany structures and 13 3150 cumzarstively easy tO use in analyses of
-
), I" L2 siwnle re;lacescat systess, To these triatumlar forse pulsss have been
v .
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added concentrated impulses, theredy making the studles more general, Two
of the force functions vhich have been studied are shown ia Pig. 3« An
inttially peaked triangular force pulse with a concentrated fnitial impulse

is showm in Fig. 33 The response to this type of load function of strue-

COAR

tures having a vide variety of bLilinear resistances has deen studied exten-

f

sively on this project. A delayed rise triangular force pulse either vith

P

or vithout two equal concentrated impulses is depicted in Fig. . The two
impulses were applied i{nitially end at the time of maximm pulse as shown.

s

Force functioans having more than two concentrated impulses were no% cone

Fars

gidered even thnugh a study of such functions would be of considersble aca-

deaie interest, The use of a largsr number of impulses would have increased
the caeplexity of data presentation tremendously. Iurthermore, from a prac-
tical point of viev, the vast majority of actual load functions can be approxe
imated adequately by tit use of only one or two impulse coacentrations in

addition t5 a triangular force pulse of finite duration.

Equation cf Motion

The equation of movion for the single~legree-of-freedoa system i
derived using Newton's Jav vhich states that the product of the mass of e
body ol 185" acceleration 13 alvays equal to the undbalanced force acting
on the bady, l.e., the difference betveen the load and recistence. This lav
13 expressed in Pguation (1)

M2+ alx) = p(t) (1)
vhere ¥ i3 the mags of the systew, ¥ {3 the second derive:'ve of the dise
placen:ut with respect to ti=e (accelerstion), q(x) {s the resistance of

tie structure as & furction of displacement, and p(t) 1s the azpliel force

as a funciion of tizs. The sdluticn of the above equation for response {x)

——
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! The effect of impulse is considered by instantaneous changes in E@% _
velocitles at the time of the Impulse, l.ec, af = T,Mat t . ;

Maxisprs Resnonse Charts

Tor mast of the studies of response cf simple systexs to tbe vari-

. ous force pulse types, the Tesits have been presented in ihe form of charts.

-

- oo In every case the forms ¢f the charts were chosen vhich wuld portTay best

Pl

M
B
vt ALY

.
v e e - .
ERTRIIAIE T -,
AN RN N T

- the effects of the parsmeters deing stulled at that time. Thus, various

<

¢ forzs have appeared in the previous reports of this project. These forms 4

Pt TNy AT T

have bLeen revieved in an effart to find a more condensed, yet more usefnl
form £ the presantatisa of all of the data computed durinz thess resposse

studles. As a rssult, sagle sets of other possidle chart foras hare deea RN NNV
developed for the presentstion of these data. @“‘? v

. These nev charts aw poesented fn Pigs. 3 and 5. The resistance
)

constdersd s elasto-plassie, the second slope of the bilinear nesisztazce

functina belrg zero. Thir zalal wvas subjected to an initial pesk Srisnge- s

lar force zalse with an 4ni%iel fz-mlse, The study wvus conlucled using &
& .

- dlmensionless form for the varumeters, The prak force s exprassed In

! terns of tlr yiell resistscce, the resyonse §n terms ol ylell dlsplacenant,

the julss usttion in ter=s 32 the natural pertod of the system, and the

Y . . Ch
-~ . ‘ ’ ALY ':‘ v\
"~ txelise {n 2er3s 0f the =roluzd of the yleld resislance and the =il Al AR ALY
Y & Lad r o et T - ’u I
I". - 0:" ) ‘n\ -\ ‘\‘ 'n\é;\ 'L:
0 - - LY [
:'_'o . The charts skowa s s, b4, b, g ani 2 s for ccustant values N '\.:\' >

of Tesponse, u ‘a/:y ® 2, 3, 13 nnd X respactively. The pesX force

{' reairel to o%taln the gives respoase 1s platiel as g funetica of tha julse
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duraudn for lines of constant Lzpulse. The pressure-duration for any '

MK
K
¢
.

¥

2 _

. value of {iapulse may de obtained quite accurately by linear interpolation
: betveen impulse lires on a particular chart. Interpolation for values of

paximm response between those for vhich charts are plotted is not satis-

factory in many cases since the variatvions are not linear, For a glven

{mpulse and duration, the pressure necessary to cause a displacement of

three times the yield vill be less than the corresponding pressure required

for p = 5 and will be greater than the value for u = &, but, without com-.

puatation, it 1s impossible to state its exact value. The 1l.oad levels for
’ - .

p =2 and p = 5 may diffey by 200 per cent or more in scme cases. These

charts offer one of the most accurate and useful methods of depicting the

effects of impulse.
The szae data are plotted in a different foim in Pigs. 53, b, ¢, 4,
e, and £. In this set, the relationship between peak pressure and maxi-

mum response is depicted for lines of constant ismpulse and charts of con-

shant yulse duration. In Fig. L it can be seen that the curves are very
amooth and almist linesr over large ranges of pulse duration. Consequently,

it wvas possible to pruaent Juits Cocurately these sane data in a comparatively

' K .
s ettt e Y e

Crcddings Soraen S s P w3 b
fev charts of the fora of Pig. S by a judicious choice of palse durations. ff

Yor any given values of response, impulse, and durati{on, the pesk pressure

1)

v
zmey be ohtsinel by linear tnterpolation and the result obtained should be A

Vs
correct vithin enginesring accuracy althourn this accuracy 13 linited to the AN

analysis and dses not {nclule errors Incurred in cosputing the replaceazent
force pulss or the replacez=nt resistaace function.
' 02 the charts deserived adove, the time of maximun response is

not showva tut coulld de aliai, The time of maxbeua response is not directly
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) l applicable to response studies dut in c)cosing replacement ferce pulses,
3 ® 9
. D this factor may be iaportant, since any Zorzes acting after maxisun respease
R, '
[_» has been attained do ndt affect the damsge pressure level, T s -
The above stnlies do not consider tde effect of delsyed rise of : FW.W”W"WQ
[ . fu Sente Tl e N T

.

! the force pulse on the response of a structure. In charts 6a-d ani 7a<d the
, effects of rise tine are shown, The resistance is elasto-plastic and the

.

force pulse {s shown in Pig. Zb. In the final report for July 1954, charts DN DENERON

v
.
‘

for the response of a delayed rise triangular force pulse with two fwpulses

a
-rwg s

O'l »

s
N Y
» e

vere showm for specific rise times of 0 and 0.5 times the period. The

,.ﬁ.w
&S

- e

charts for response cousidering rise times of 1.0, 1.5, and 2.0 tines the

'y o

period of the system were presented in the interim report of 1J ary 3i556.
Interpolation between specific rise times has proven to be unrelisdle using
l rise time as a principal variable. This wvas presented in the 1 July 1956

Pinal Report of this project. The study of rise time versus response demon-

: strated that for a given peak pressure axd duration the reaponse varied by

as much as 2000 per cext as the rise time varied from zero to a value equal

—m———

the period of the sixmpie systems, The stuly also chowed tha* a siight change

'-3"'. LRI --_" ™~ _‘:'
] in p2aX pressure coulld cause similar cha~ges in the response. In order to PAS R AN

deronstrute clearly this latter phenomernoz, charts for peak pressure versus

»
w?

a.e
LI ]

rise time for specific values of resposse (y w xm/x‘y =2, 5, 10, 30) vere

Enllat S
s ey e

developed and tbele results are presentad in Figa. 6 and 7 of this report.

The wost important result of these studles, as shown in these
| ckarts, is that the pesk pressure necessary to produce & sjecific response
' 1s alnost independent of rise time. I the rise time {r less than one
[. third of the total duratton and §f no imjulses are considered, then the

peak pressure requirel to produce a specified response does mit vary
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‘aypn-clah}y with rise time. If the effects of inpulses are corsidered,

- then the at,ve ls not valid as {ndicated In Che.. s 7a and 7b, in which two

equal irgulses were considereds These studies of delay~i :loe suve pulses

) thus inMcate that slight variations in rise 3ize or peak pressure have a

;:; considaradle effect on response values vhen tke pulse duratioa is long com~
Y '
- ‘ pared to the nstural period. That is, the response parameter is very

unstable ani asy chang: frea yield to collapse for a variation in the peak

Pressure of coly 10 per cent or for a variation in rise time from zero to
one ‘ines the natural period.
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‘, The response of multi-story bulldings to blast-type loaling is
j , very complex since the structures do not behave, in general, as singlee-
degree-of-freedca systems. Tha replacement of such a structure dy a simple
' system is possible but the resulting predictions of dauage pressure level

‘ are not as accurate as nredictions for a single-story structure., A more
accurate replacemeant model for the ammlti-story structure has been developed
j P and tha response characteristics of this model subjected to dynaatc loads

are being studled. The cbjective of these studieas is the develoment of
simple rules and cherts for predicting danage pressure levels.

N : Shear-Beam Raplacement System
.

N J The inttial studies of multi-story structural response wvere cale

culated aosumirg that the masses were ccncentrated at the floor levels. The

" astructure vas thus reduced to an "a" degree-of-frecdom systen vhere "n"
repreaents the mmbdep of utoriss. The column shears vere assumeld to de
directly proportional to the relative diasplaceneats betveen stories. AWl

the colunna {n a given story wvere assunsd to yicld at the sare relative

::: displacement and thus the resistance of ¢l) the crlwmne In a glven story
.'.\
:.: vas replaced dy a single shear srriag. TDis assutes that the girders and

floor together are infinitely stiff. Using this analogy, & colde was pre-

.
RN
«®e

: 3Ared for couputation of the dyiale response using the ILLIAC,

Chests for the respoase of & three~story building sudlected to

LA

! 1n1t1ally peaked triangular force pulses vere prejarsl anl these results
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were presented in the 1 July 1955 final report. These analyses were made

-

using the shear-boam replacement system' Just deseribed. .

.

Multi-Story Building with Flexible Girders

A study of the effect of i’lexiblg girders on the responsd cone
figurations of a multi-story structure subjected to initially peaked tri-
angular force pulses has been conducted and the preliminary results of

this study are presented in this report.

Replanement System for Multi-Qtory Building with Flexible Girders

The replaccment system shown in Pig. 8 wvas used for the anadyris

of a multi-story frame structure vith rlexible girderc. The effects of

Joint-rotation and plastic hinges are accounted for in the analysis. The

e e
L)

nasses are concentrated at the floor levels. No consideration was given

RN

to tl2 effect on lateral deflections of axial changes ia length of the

.-

coluana and girders under stress. Although the ILLIAC code ugsed will per-
nit account to be taken of the column and girder anment changas which result
froa the changes in dead load ccceatricily during the respoanse of the struce

ture, these effects were also neglected. s
© A e T s lm e e

The Joints of tle frame are alloved to rutate by means of a moment

distritution procziure, Each member of the bent 1o assuned to deform elas-
tically until the noment at one or btoth ends exceeds the yield moment. When

the yleld mxcent 1s reacnced, & constant moment hinge {3 consiiered to have

forzed at that end of the memder. This hinge remains ag long as the relative

rosation et tae end of the nvaber irncseases, When the directinn of relative

LR

s S

Totation at the exd is rever:ed thun the hinge {s resoved and complete slase

tic soutinuity 15 restored except that a kink due to the previous plastic

e
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f action rerains at th» point of the hinge. The method of analysis was dese
}

R T ]
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cribed in the Interim Report 1 January 3957 of the project and is similar
to the procedure used for single-degree-of-freedom systems.

Parameters

The .applied forct was an initially pesked triangular force pulse
as sho'm in Fig. 8 which was assumed %o act uniformly over the structure.
¥or simplicity of analysis this wniform load was replaced by equivaleant
concentrated loeds at the floor levels. The load concentration for the top
story wvas only half as large as those vhich were assumed to act at each of
the other floors. The duration of each of these concentrated force pulses
va3 assuned to be the same. The force function: wcre the same as those
used in the shecar-beam response studies,

The columns of the frame wvere chosen suck that their combined
stiffness {assuming no end rotation) would agree exactly with the stiffnass
used in the shear-beam study. The stiffuesses ol the several stories were,
fron top to bottam, 4h, 132, and 220 kips per inch, respectively. This is
clearly a 1-3-5 varliation. 3ince the glrdors were flexidle, the actual
stiffness at any story depended not only on the column stiffnesses btut also
on girder stlttnessgml the dlsplacenents of the other {floors. Girder
stiffaesses of 2, & and 10 times the firast story column stiffnesaes were
studied; although, for each structure, all glrders were fdentical. Since
in theae studles, none of the girders yielded, the inve:tigatics was cou-
tinued using more flexidble girders. Tnese turther studinc are not yet cia-
plete.

The fundsaental periods of the replacement systens for relative

glrder at{ffnesses of 2, %, and 10 vere found to be 1.109, 1,027 and 0.97%
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sec, respectively. For the shear bean, i.e., infinite girder stiffness,
the period was 0.934 sec. These periods were calculated usitg a mass of
880 1b sec>/in. each for the lover two stories and a mass of kk0 1b sbcajin.
for the top atory. To obtain these masses, a typical structure wvas actually

designed and its masses were computed.

Results
The results of this study are shown in Fig. 9a, 9h etc. The charts

are plc;tted for peak pressure versus relative response. The peak prese-
sure is expressed in kips vith the relative response of each story ex-
pressed in inches. The yleld displacement 1a one inch for the shear-bean
structure but cannot be defined easily for the structures with flexidle
girdess bec.wso the momanta depend on the configuration of the entire struc-
ture and are not defined by the relative displacement of one story. In
general, yield at the ends of the members in the flexibln girder studies
did occur at a relative story disrlacement of approximately one inch. The -
divplacements for the smaller force pulse values sare shown oa an enlarged
scale in ¢ ldition to the regular scale. The displacement versus peak force
is plotted for constant values of girder stiffness of 2, &, 10 and = times
tha stiffhens of the lower columa, The pulse duration is constant for each
chart, these durations being 0.1, 0.5, 1.0, 3.0 sec and infinite for Pligs.
9a through 9¢, respectively.

These charts dezonstrate quite clearly the relative unimportance

of girder flcxibilities on the recponse of the structures for the range of

parazcters shown iu the charts,
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Ratuzal Frequency
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< The natural period of a single-degree-of-freedom system or the natural

! . pericds of s milti-degree-of-freedan systcd are important in tpg study of
dynanic response since the duration oy’ the foree pulses u:ting oa a structure
are measured in terws of the natural period or periods. The calculation of
the. natural period or its reciprocal, the frequency, for a single-degree-of=-
freedom system is straightforvard but the calculation of frmquencies for o
multi-story shear-bean siructure involves an eigen vyalue problem vhich is
usually solved by a numerical trial and error process. The provlem is fur-
ther complicated vhea flexible girders are consicered.

A code for calculation of natural frequencies has been developed for
* use on the ILLIAC and a stuly of the frequencies of multi-story frames vas
conducted. This study and the results obtained therein are presented in the

Appendix to this report.
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The ncmenclature used.in the main text of this report 1s sumarized

|

telov. All nomenclature used in the Appeniix in the discussion of the shear-
! temm stady is sumsarized at the end of the Apvendix.

Analogous
Dimensions) Quaatity Dimensionless

——

anntitx .
x = displacenent of mass of single-degree-of x/xy

freaion system.

q{x) = resistance of spring to dlsplacemsat x. q(:z)/qy

x = “yield" displaceseat of spring at the potnt -
vhere the resistance functioa changes slupe,

qy » "yleld” resistance of the syring at the point ne
vhere the resistance functica changes slope.

kl a {nitial, elastic slope of resistaace function, -

g " MYy

X, = sewni, trelsstic slcpe of resistaace function, “e/“x o

t g v v
@: -
®

x_ = zaximm displacesent of mass, x:u/‘y -p

. T » tlime. t/T

LR aE &

2% e VI {ntermmal useld for numer.sal {ategratlou.
TieY 3 pressure ad tize b,
e t33a) durstica of ayplield foce.
1° rise ti=e cf applied force.
» Deax forse; dxtige pressure ievel; aritical

FTessure level,
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{mpulses for spplied forces.

nagnitule of mass.
velocity of mass.

change in velocity due to impulse I1 at

tine t1- &1. Iih( for t t’.o

~
-

acceleration of mass. ) (At)a!/r’ ..'\-. N :‘}“:?:"

period of vidratica for snall deflecticas.
Te 2 (u/kl)m.
the stiffness (-k-f—) of the girders of the

three-story frame.
the stiffress (--) of the lover story column

of the three-story frame.
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Peak Prescure of Delayed Rise Triangular Force P\du for Given
Maximum Response .

1:2/1:1 . I/qy'r ne x’/x’

0 0 10
0 0 30

Y

Peak Pressure of Delay Rise lrisngular Force Pulse with Impulse

for Given Maximrs Response

ka/kl I/qy'l‘ e :gm/xy
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Three-Story Frame Structure

Maxiaum Relative Response of Three-Story Frame to Initial Peak
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APPENDIX

: Fundsmental Hatural Frequencies of Bnnv:uns Frases v&th Flexidle Girders

ls Object
E:" One of the prineips) parmseters lefining the dynauic response of

a multi-story, milti-bay >uilding is the fundamentsl natural frequency of

the structure. The purpose of this study wus to develop simple, rapid methods
. for ctaminzilion of this freqency.
2. Scope ) E [ o :Q
:’ The basic structuvre: ccnsilered were ore to ten-story franes of
:i: any numbder of days. The stifress o” the girders wus varied detween zero

and infinity, although for axy value of girder stiffness all girders wvere
considerad to be identieal, Verixtions in column stiffness were also cone
sllered, although the stiffnesses of all the column3 ia any oune story vere

the sane. The type of coliem stiff=css variation considered ves a linear

N .
USRI ot et

variation; that 1s, the coluzs stiffness vas considered to vary froa story B et
+o story as 8 straight line.

’;:3 Struetures with two extrers linear variations in coluan stifluness

' w2re gtudled first, them the results wre extenied 5 include structures

vith {ntorsediste liness vurisiioa:, The first type stullied vas a constunt

colimn structure, vhich has, uf cowrae, & l.rear variation of col .en stiftf-

~

Ny .

' t233 Of =ero slope., The secoxd ¢yre studied kal a variation in relative
Ao

Mmlwm siMmess, atartizg {roa the $5p story, {n the sequence 1, 2, 3.....%,

whore N 43 the uader of stosies.

e e mrbanum Rae Nt id W ¥ emmms v Ay
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) i
' g - . 8
22 : X1 -
b, ) The parsmeter, 3 = T has been introduced to desiznate different
R+ 7, t
& . linear variations In column stiffness, woere K {s the mmbder of stories and
\‘ ¢

X is defined as th> ratio of (%—) for the lover column %o (%I-) far the top

column, vhere E, I, and L arve respectively the modulus of elasticity of the

colunn material, the marent of inertia o the column .section in a giver

. story, and the length ot the colunin per story.

i The effect of Aiffercat muas distributions was not considered., For

all structures studied, the distoibuted colum and girder masses vere concens

z trated as point nasses at the Junctures of the colums and the girders., The
tolal nass at each floor level was considered to be the save in esch story.

The effect of rotation of coluasn dases was nod stulield. A1l struce

A - tures atudled vere cacsilernd to have fixed colvun bases.
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F METHOD OF ANALYSIS

+

.

3« Assunrilons

T The siaplifications and assumptions used in this analysis are as

(R Y
v
.

.

8

.
Y A

1. The mass of the structure is concentrated a~ a series of point

ey s
l-'-’_

v
..

=

nasses at the intersections of the girders and colunns.

:E- 2. ANl Joints are contiouous, except when apecified as pinned, .
5 3. Dsflections are emall and {n one plane only. o
::: Mo A1l membars ave Linearly elasiic. <.

Se ALY zmenbers deform Ly berding only, the effect of ax.!.l.l defor-
astion being neglected. .

6. Tbe effect of vertical loads on the morents in the ¢olumns is
veslected.

3, Vethod n?2 Anslvsis

~
Coastder a structural frams -difch has deen 1lealired as described s

in the ;-:"e:e.‘.i:-.g sestion, and i3 vidbruting in a natural ncde of vidration

s3ch that:

yJ = *J sin (“ 1 4 "), (J - 1’ 2.00“) (1)

shere g, 45 the daflestion of the Jth story, A, 1s the awplitude of vidrae

3

22 0f ke 7T story, w ls the natural clireulwr frepiency in ralians por

sacaal, ¢ is the tize in seconds, v is 2 phase angle, and K is the ramber
3P stovies, The epiatiszs of notion for this systen are:

"

T

e ‘-'J e tha t3%i) 2Bearing foree, feam the adjlacent columns and IJ is
Tre £otal w23 gt the j‘: ztory level, Sudstituting (1) in (2) yiedds:

- "'J, (J - 1’2 ‘o n ’) (2‘
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Before th~-~ ujuations can dbe Qo1ved, the shearing forces V 3 mist be expred-

sm(mn)-vd-o, (J=1, 2 «c0s u)

sed in te. . of th- , .
Irwme .r the given structure to be deflected so that there

is a unit translation of one of the stories, say the Jth story, vith zero

translation of all other stories, thea the holding force at any story, 8
t»

i ]
is the negative of the total shear acting on +he mass of the 1™ story dn:
to a unit transletion of the J"h story. For apy translation ’3 of the Jth
story, the shearing force produced is -81 Jy\f This spp.ies for any combinae-
tion of 1 and J, giving the total shear st any story for & given deflection
configuration as:

\I‘1 - (suyl + 822’2 + oo ‘SJNYN) (%)
Sudbstitution of (1) into (U4) yields:

"3 w - (931 + 34!‘2 ¥ eve osJNAu) sin (uwt + ¥) (5)
The equations of notion can now be written:

2 2
‘AJ“J“ sia (Wt + ¥) + (831 + 3"21\2 + e 43‘,’NAN) sin (Wt + ¥)=C,

(J=1,2...1) (6)

Dividing aut sin (wh + ¢) glves:

:\Jnsua =Sy - 8phy = ee Sy = O

(=1, 2..1) (n
This .t of equations in the N unknown .\1, Aa, ces A" vill have solutjons
for the detersinant of the equations set equal to zero. The Values of v,

aausﬁ'lvxb this detorminantal equation are the circulac natural frequencies.
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. } r K In matrix notation, this corresponds to the solution of the equa- ‘

A R o '

g:;: ; tion:

ol [Sl-uatu]'-o

:. : ) vhere {3] {s the symmetrical N x N matrix of the holding forces 8, 3 and [m]
:: 3 !1 is the diagonal matrix of the masses, m 5 The matrix (8] has been callel
i - '

o ’ { the "siiffness matrix" of the structure,

X . X

This problem was programed for solution on the ILLIAC, the digital
{ computer of the University of Illinois. A1l the results reported in this
Appendix vere obtained with this program. .
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7 JESULTS
-
L." ’
S .
M The results of this study are sumarized in Figa. AY, A2, A3 and
. Ab. 1In these graphs the variation of the relative natural fiequercy, Cl, .
- . .
L versus the effective girder stiffmas~ parameter, 7, has been plotted. The AR
. L
parameters cl and 7 are defined as: o

- N L.
| hy

~ . c 7=
. 1 ’ EI
T £).

. ) -1
: rlj o

vhere E, I, and L ure respectively the nodulus of elasticity of the column,

g the moment of in»rtia of the columnn seltion, and the coluan length per story;

N Eg, Ig, and Lg are respactively the modulus of elastiecity of tha girder, the W) t‘"_ \n
“ ' 20N SRS g RIS
3 moment of inertia of the girder, and the girder length per day; N is the nume f..-}i";.-"‘-" IR RN AN

ber of stories; and M 1s the aner ul baya. 11)7 i3 the first natural fre~

quency of the structwre .n eycles per second, for any given value of the

effective glcder stitfress parameter y,

AR
)

-
. "~

.
»

RO
P AP

The parenmcter (::L vas chosen becanse it serves to reduce the varin-

tion in the first naturil frequency of any structure to the swee scale, that

j: i3, to a varistion hetwraa zero and ones The eapirical factors -’l-ég—-]; and :;-
X
¢ ﬁ% bave been us~? {n defining the girder stiffness paranater tecause they "

we

accurately define the effect of additional stories and/or bays on the natural

. frequencies as compared to u single~story, single-biy structure.

3 Flgure Al shows t‘.‘l versua y for varinus single-bay, unifora column

structures (a = \)); Fipge A2 chows Cl versus y tor various single-bay, linearly
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vaqing coluzn structures (s = 1.0); Fig. A3 shovs Cy vemsns y for various
two-dbay structures, sowe vith s « 0 and some with s = L.2; Pig. AR shovs 01
versus y for various three-lLay structures, some vith s = S and scme with

s = 1,0, All of these curves have deen approximated Yy ide curve of el ver-
sus y for & oae-bmr,‘-‘m:.‘.tory structure. Tre equstion »? this curve is
derived as follovs: For the cne-story, one-bay structure:

%), ). 3 )
oy -;.—b— \/%—{-3; (9)

LAY o

1}
o
it

3

Then sirce ;}f- = 2 in this case, w may write:
1’0

If this epeation ¢s usel to apnroxizate ihs Xnmlinyegtal frejuency

t,)
variation of any stiucture, we may sclve Jor ?%Z 40 Field:
) ) e
b b b 4
17, iy, 125 3y k= 1
‘f—"‘:) 1 + cl {:P; °} 1 + [Y l - 1.57 1] l?l_): ’} (&2)

It &s n2cessary In the a7, lication nf this Zormla o dave both
tl)o and fl). 23 the givea strusture. Tals infometine i3 presested (n

flgures AS anl 25, and tadles Al aci A2, In Figure A5 &5 abown “he varia-

s
t,)

tion of ! : p—y vith the colizmn stiffnass paraseter s, T oire AS shows
1%

S v se evie Flem A @ e metmi® o n n e s s PR

o
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N - a e St e b € SR, poohe Smeeae e
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1l E 8
——5 Vvith 8. ALl values of ’1)0 and fl)- have been

Y'm '

the variation of

eoaputed using the average stiffness of one column. Tables Al and A2 con-
tala the values of £,)5 = © and £,)7 ¥ © for 1 <N <20, The values are
expressed in tems of (EI) avge of one column, L the length of the column

in cue stery, and m the total mass ab any cne story.

These values apply to the cne-bay structure. To find the value

A4

of rl); % am rl): * % for milti-bay structures, one nesds only to malti-

ply the value from the tadle 'by-VM ; 1, (¢:19] avge st1ll renains ag the aver-

age stiffness of one coluan, L remains as the length of the column in one

stary, and @ remains the total nass at one story level. With this informa-
tion the fundsmental fivquency can be easily detcxmined.

T e:
sty W w—

I
Consider a five-story. three-bay structure vwith s = 1.0, -g—ﬁ -

—2Ee s and 1ass 8 at each story level. '

7-2.78%.16;'205

¢ A28 v 08 i eee
;_._..-.._.,.-.‘,....r.v 143,75 16 028

EY

¢ )3 = 1.2

Yo
3 =9
tlo

Tron Mg.ce AS, ~ 1.176

(81)
—B7E%  for a one-bay ctructure. For our

T a3 A, 2,00 " % C0.026
’ 1o L
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: % . K
e problen £,)8 = 10 2 0,026 x 1a76 Y2322 R O
‘ ' i 1o 2 a’ ST e e
b : t"\':‘-"“;‘-'r"17-"-‘1‘:\.7;‘-’-:\2
{ AN B TN
t . Similarly from figure A5 and table A2: ‘n:;‘-'—'“.X'i';‘i';“.‘,\';‘.' "E”
¢ . . '\;;'--;\';‘h":".': S ‘:\‘\..
[ Wl(m) =) R
: tl): = 1.0 - 0.166 x 1.39]‘ 2_;._].' ._._.;.1'&!. = 0.}2{ __._%15.0 @
i | : ab a ;
. . }“.
P From these values: 3
I
r.) £ o
| 1y = 2.5 b, AT
—~)1,1° 1+ 0835 {o—:gﬂl-l = 6,376 Lo b
(k1) (e
L) = 6,576 x 0,048 Y —3Be « 0.280 §——ITR2
The solution to this problem as obtained on the TLUZ 3 2} oo - e
. (ED) ¥
= 0.271 ——95'-’5-'- for an ervor of 3.3f.
ul
b »
The errors lncurred by the approximate formula vere Zxmmi i3 generel NN O N
0 be less than 20% for y > 0.25 for structures of 1 <N <10, 1 <M <o, st
0 S ] S 1.
' F~enclature -
The syabols used in this Appandix are defined viere they 2irst
appenr in the text, Thay are assexbled here for convenient reldererce,
A 3 w Aaplitude of vidration of nass ad th story
‘ f})7 -1
' c a !lt
1 fl ™y . \
. ‘,1’0
£ » Madulus of elasticity of materisl of colum
!
i x£ = ¥odulus of elasticity of material of girder
|
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